Recent reports of discontinuous yielding in the uniaxial compression of extruded magnesium suggest that twinning is accompanied by a significant stress decrease in the parent grain, leading to corresponding stress concentrations. We performed crystal plasticity finite element simulations using a simple twinning implementation that includes this "softening" effect for tensile twinning. With this method we were able to reproduce the experimentally observed yield point elongation and the Lüders-like propagation of strain and twinning over the sample. Twin variant selection was analysed in detail at various stages of deformation.
Introduction
Mechanical twinning plays an important role in the plastic deformation of magnesium and its alloys due to the limited number of easily activated independent slip systems. In most magnesium alloys, after basal slip, tensile twinning on the {1 0 1 2} plane is the deformation mode with the lowest critical resolved shear stress (CRSS). In many deformation conditions, e.g. compression in the sheet plane of rolled sheet or compression along the extrusion direction in an extrusion sample, tensile twinning is responsible for the majority of plastic strain at low applied strains [1, 2, 3] . Under these conditions, twinning is expected to significantly affect yielding and immediate post-yielding behaviour. A sound understanding of the deformation of magnesium alloys requires, therefore, an accurate picture of how tensile twins nucleate and propagate. The twinning behaviour at yielding will strongly influence the stability of deformation at later stages. Macroscopically, it will affect the work hardening rate which determines uniform elongation in tension. Microscopically, twins play a part in introducing local stress heterogeneities, which might limit ductility during biaxial deformation.
In this article we use a crystal plasticity finite element framework to investigate the effect of twinning on the development of local deformation and stress heterogeneity during plastic deformation of magnesium.
The aim is to explore the effects of relative twin to slip activity and the possible effects of a "softening" rule for twinning.
Twin variant selection can be used as an indicator of the magnitude of stress fluctuations present in the material during plastic deformation, caused by the interaction of elastically and plastically anisotropic grains. Experimental studies of twin variant selection generally rely on the statistical analysis of EBSD data.
In [4, 5, 6, 7, 8] large deviations were found from the twinning behaviour expected from simple Schmid factor
considerations. An extreme example of such deviations is [4] , where a magnesium AZ31 rolled sample was compressed to 5% along the transverse direction. No relationship was found between the observed volume fraction of a twin variant and the Schmid factor of the given variant. In [5] high-purity zirconium was deformed under similar conditions. Strong non-Schmid behaviour was found for twin nucleation and almost no correlation for twin thickness and Schmid factor. In contrast, Barnett et al. [1, 9] have recently reported "well-behaved" tensile twinning in a detailed statistical analysis of EBSD data obtained from the uniaxial compression of an extruded magnesium AZ31 sample along the extrusion direction. This difference in the twinning behaviour could be caused partly by the difference in microstructure: "well-behaved" twinning was observed for fine grained specimens (mean grain size of ≈ 10µm) whereas the strong non-Schmid twinning behaviour was mainly observed for coarser grains and a wider distribution of grain sizes. Wider grain size distributions will probably cause higher stress fluctuations at grain boundaries, leading to stronger deviation from the behaviour expected from Schmid factor considerations. An example of the importance of grain sizes and grain boundary irregularity can be seen in [10] where crystal plasticity finite element (CPFE) simulations systematically underestimate the non-Schmid behaviour of tensile twinning observed in the experiments. CPFE models are likely to provide more accurate predictions for fine grained materials and narrow grain size distributions.
Recently, Lüders-like deformation and the corresponding yield point elongation have been reported in [2, 3] for fine grained AZ31 and ZM20 magnesium alloys. It is suggested that the cause of this phenomenon is the stress relaxation occurring in twinned grains, and the consequent concentration of stress at the twin tips. These stress concentrations lead to a higher probability of twin nucleation in neighbouring grains.
This twin triggering effect is believed to be responsible for the Lüders-like propagation of deformation and twinning. This explanation assumes that once a twin nucleates, the growth of the twin occurs at a lower stress. Recent modelling work has shown that softening is important to the formation of twin bands in single crystals and to the propagation of twinning between neighbouring grains with high misorientations [11] .
Twin softening provides the local stress drop, analogous to dislocation unpinning in steels, that is required for Lüders-like yielding [12, 13, 14, 15, 16] .
In recent years, the EPSC model [17] has been used to successfully predict macroscopic stress-strain behaviour [17, 18, 19, 20] and certain aspects of lattice strain evolution [18, 19] in magnesium, while the VPSC model [21] has proved successful in predicting texture evolution [21, 22, 23, 24, 25] and twin volume fraction [22, 25] . Although these mean field models have proved capable of accounting for many important aspects of deformation, they lose their validity when the phenomena in question depend significantly on local fluctuations of stress and strain. In such situations full field models have a clear advantage, even though the numbers of grains considered are generally lower due to the increased computational cost.
In this work we employ a crystal plasticity finite element model (CPFEM) to study the role of basal slip and twinning in the yielding behaviour of extruded magnesium in uniaxial compression. We implement a stress relaxation rule for tensile twinning and analyse its influence on the stress heterogeneity during and after yielding. We present a thorough analysis of twin variant selection, discussing in detail the effect of twin stress relaxation on stress fluctuations that determine how plastic strain is distributed among the different deformation modes. Further, we aim to investigate to what extent the experimental observations related to Lüders-like propagation can be reproduced by assuming twin stress relaxation in our model.
Model construction
We simulate the deformation in polycrystalline magnesium using a three-dimensional elasto-viscoplastic CPFE model that has previously been used to successfully predict texture evolution and intergranular stresses in interstitial free steel [26, 27] and which we have also used to model the effect of texture on twin clustering [28] and to study the effect of solute content on twinning in Zr alloys [29] . A detailed description of the solution algorithm -in the context of the initial, two-dimensional version of the model -can be found in [30] .
The model uses a small strain finite element implementation, i.e. based on infinitesimal strain theory. This is probably a valid choice considering the small overall strains simulated (up to 2%) and the large number of strain increments used (4000).
In this model, plastic deformation is assumed to occur by slip and twinning according tȯ
whereγ is the shear rate, τ the resolved shear stress and τ 0 the CRSS for any given slip/twin system. The rate sensitivity has the value m = 0.02 for all slip/twin systems. Focusing our study on relatively low strains, we have neglected hardening, i.e. τ 0 remains the same for all slip systems throughout the simulations. This significantly reduces the number of parameters in the model.
In the model twinning is considered only as a kind of unidirectional slip, i.e. twin systems are considered to be slip systems on which shear can occur only in one direction -determined by the twinning geometry.
This is similar to the way twinning is modelled in the EPSC approach (e.g [18] ).
The objective is to simulate elasto-plastic yielding and the early stages of plastic deformation, at which stage twins are still mostly very thin structures and the twinning volume fraction is small. It is reasonable to assume that, at this early stage, the effect of twins is mainly to contribute additional shear modes and that the effects of the lattice reorientation are only secondary.
During tensile twinning, it is assumed that propagation occurs at lower stresses than nucleation, then twinning relaxes the stresses in the twinned grains, whilst increasing the stresses in the neighbouring grains.
To model this twin softening behaviour, the CRSS of an active twin system is lowered according to:
where γ is the accumulated shear on the given twin system and g is the scale parameter of the decay-law. τ c 1 and τ c 2 are the initial and asymptotic CRSS values for twinning. We used g = 2 × 10 −5 in all our simulations. As we will demonstrate, the simulation results show very little sensitivity to the value of this scale parameter. The effect of this "softening law" is to lower the stresses in the parent grain by allowing the deformation to occur by twinning at a lower stress.
The elastic compliance tensor elements used in the simulations were those of magnesium single crystal: 
Simulations
All simulations were carried out on a cubic volume under uniaxial compression up to 2% strain. 20 node isoparametric brick elements were used in all cases, each element containing 8 integration points (IPs). The simulated polycrystal consisted of 10 × 10 × 10 = 1000 elements, i.e. 8000 IPs. The starting texture was a simulated extrusion texture ( Fig. 1) , which was obtained by simulating the deformation of a homogeneous random textured initial sample in uniaxial tension until the distribution of the angle between c-axis and ED matched that measured in [9] . In the simulations, the loading direction was always ED, which corresponds to the X direction in the simu- In each of the two sets, we performed three simulations: simulation A, where twinning is difficult with respect to basal slip, B where the CRSS for twinning is equal to that for basal slip and C the twinning CRSS starts off at the same value used in A and then drops to the value used in B according to Eq. (2). The CRSS for prismatic slip is the same in all simulations and higher than that of basal slip and twinning. The CRSS values used are given in Table 1 .
Results

Macroscopic behaviour
The macroscopic stress-strain responses obtained for the simulations are shown in Figure 2 . The observed hardening, in the absence of "constitutive" hardening, is entirely due to the elastic-plastic transition and the strong plastic anisotropy. Whilst some grains deform plastically, others deform only elastically producing the high work hardening region just after yield. There is also a small amount of work hardening, even after a strain of 0.01. This is caused by the difference in strain rates in the differently oriented grains. yield plateau than Set 1, C. It is clear that the introduction of twin softening introduces a yield plateau, which can be quantified by ε L , defined as the difference in applied strain at the yield, and at the point at which the flow stress recovers to that at yield. Further, we performed simulations where g was varied in a wide range, keeping all other parameters of simulation Set 2, C constant. The resulting stress-strain curves from these simulations can be seen in Fig. 3 with the dependence of the yield elongation ε L on g shown in the inset. Evidently, varying g over almost two orders of magnitude only has a very small effect on the yield elongation. The exact dependence of correlation length and yield elongation on the CRSS drop and the value g is beyond our scope. Here we chose a value that produces yield elongations in order to study the stress distributions and twin variant selection under such conditions.
The von Mises strain along the gauge is shown in Fig. 4 during yield. The maps show that whereas for simulations A and B yield happens at scattered locations along the gauge, simulations C develop a yield front, which propagates during yielding. This effect is more pronounced in Set 2 than Set 1, which implies that the propagation is enhanced by intergranular heterogeneity. From here on, we concentrate only on Set 2, as these simulations are likely to be more realistic in terms of modelling the stress fluctuations during the elastic-plastic transition. 
Diffraction elastic strains
In-situ diffraction experiments have been used to study the yield behaviour of magnesium [2, 18, 19, 32, 33, 34] , the interpretation of which requires polycrystalline deformation modelling. The EPSC model has been extensively used to predict lattice strains in magnesium under various deformation conditions [2, 18, 19, 33, 34] . In situations where deformation is mostly homogeneous, the EPSC model can provide good fits to the measured lattice strains [18, 19] . However, in some cases like, for example, in [2] , the EPSC cannot fit the diffraction elastic responses. This was attributed to the kind of heterogeneous deformation our twin relaxation model produces. To see if accounting for twin relaxation impacts significantly on lattice strain predictions, we analysed the axial and radial lattice strains (Fig. 5 ) calculated for the following 6 plane families: {0 0 0 2}, {1 0 1 0}, {1 0 1 1} , {1 1 2 0}, {2 0 2 1} and {1 0 1 3} during yield.
Although both the EPSC results [2] and our predictions make good approximations to the axial lattice strains measured in the experiments, only the CPFEM predicts the sudden strain reversal in {0 0 0 2} ⊥ and {1 0 1 3} ⊥ grain families, along the transverse direction. Simulation C captures the effect very well, implying that the stress relaxation assumed for twinning in our model is, in a mesoscopic average sense, a good approximation of the actual phenomenon. Simulations A and B, without the stress decay rule, do not show a drastic strain reversal. In a recent article, Mareau and Daymond [35] proposed a new micromechanical model which attempts to account for the strain and stress gradients generated by twinning. This model is also capable of capturing the transverse strain reversal observed during in-situ straining diffraction experiments and, crucially, their model also includes twin softening. Our results suggest that the success of their model owes more to the latter than to the new strategy proposed for partitioning the stress and strain fields between twinned and untwinned domains. The model used here treats twinning as a pseudo-slip system in the usual viscoplastic crystal plasticity formulation and not only predicts the {1 0 1 0} ⊥ and {1 0 1 1} ⊥ transverse responses well, it also predicts the complementary inflection in the {0 0 0 2} ⊥ family.
Twinning activity and variant selection
The evolution of twinning activity with applied strain is shown in Fig. 6 (a) . Twinning frequency is defined as
where N is the number of IPs and Γ(ε) is the cumulative number of twin initiations in the entire system, as a function of applied strain. The plots show that twinning starts early in simulation B because of the low CRSS. In this case, the twinning frequency quickly reaches a very high maximum and drops almost as quickly, although the twinning rate drops more slowly at higher strains.
In simulations A and C, twinning starts later, and the maximum twinning frequency values attained are lower than those in B . Twinning frequencies for these two simulations are almost identical up to a strain of ≈ 0.0017, when twinning frequency for simulation C drops sharply at first and then more slowly. This corresponds to the stress drop -the beginning of the yield elongation region -in the global stress-strain curve. In simulation A, the maximum twinning frequency is higher and the subsequent drop in twin activity is faster: twin initiation stops at ≈ 0.003, whereas it continues until ≈ 0.004 in simulation C.
The twinning frequency for the first twin variant is also plotted in Fig. 6 (a) . Its evolution is similar to the overall twinning frequency but the different variants will make different contributions to the total twinning strain. To assess their relative contribution, the twin volume fraction is plotted as a function of applied strain regarding the nature of the developing stress field during yielding and of the validity of our twin relaxation assumption. Figure 7 shows twin variant rank distributions based on global Schmid factor (a) and local Schmid factor (b). In calculating the distributions active variant ranks were weighted by the total accumulated twinning shear on the given variant. Our definition of the Schmid factor was as follows:
where RS S is the resolved shear stress. σ = σ global for the GSF (global Schmid factor) and σ = σ local for the LSF (local Schmid factor). The norm used here is the maximum absolute eigenvalue. In general, S F is bounded by 1, but when σ is close to uniaxial, (or exactly uniaxial in the case of σ = σ global ) S F is bounded by ≈ 0.5. In Fig. 7 (b) the local Schmid factor for each individual twin was calculated based on the local stress tensor at the time and place of twin initiation. Lower ranked variants activate in all simulations, however in all cases twinning seems to be dominated by the variant of the highest Schmid factor. The dominance of the 1st rank variant is especially apparent in simulation C, where the twin stress relaxation rule was used. The variant rank distributions for simulations A and B are very similar regardless of the type of Schmid factor used whereas for C there is more difference between the distributions defined in the two ways.
Discussion
Discontinuous yielding
The results of the simulations show that the addition of the twin relaxation rule gives rise to a Lüders-like yield elongation. As the strain maps show, this is not an artefact of the twin stress relaxation rule (Eq.
(2)) used in the simulations: the value of the scale parameter g = 0.00002 is two orders of magnitude smaller than the yield elongation in both simulations: ε L ≈ 0.0016 in Set 1, C and ε L ≈ 0.0026 in Set 2, C. This implies that the effect responsible for the yield elongation is, in fact, a collective phenomenon of twin relaxation triggering twins in neighbouring grains. If the stress drop involved in twin relaxation is sufficiently high and g sufficiently low, this triggering effect can produce long range correlations, leading to a macroscopic propagation effect, and a visible yield elongation. In this sense, the inclusion of twin relaxation in our model is a catalyst that allows for long range correlations to develop. The macroscopic effects of these correlations are, interestingly, rather insensitive to the details of the stress relaxation rule. To verify the twin propagation effect, we constructed "twin maps" for all the simulations taken at strains such that the overall fraction of twinned grains was the same, 0.16 in all cases (Fig. 8) The same regions are shown at the same applied strains in Fig. 4 . We chose this scheme rather than plotting the maps at equal strains, so that we can can be seen, similar to the Lüders-like propagation of twinning reported in [3] . This is clear indication of a strong local effect: on average, twinned grains will experience a compressive stress originating from the neighbourhood, as a reaction to the stress relaxation accompanying the twinning.
Since we do not have geometrically defined twins in our model, the above mechanism is to be understood in an average sense; the IPs surrounding a twinned IP correspond to the "parent" material surrounding a twin in reality. It is these neighbouring IPs that, on average, experience an increasing compressive strain on the {0 0 0 2} and {1 0 1 3} plane families, as twinning propagates along the sample. The fact that this strain reversal occurs so suddenly indicates a collective phenomenon of twins triggering twins in neighbouring grains, as suggested in [3] . This starts happening at ≈ 0.0017 applied strain, when stress concentrations begin to dominate new twin initiations, i.e. a propagation front evolves. This process elongates the twin initiation regime. Interestingly, the drop in twin initiation frequency for simulation C compared to A can be mainly attributed to the decrease of the activation of second, third, etc. variants in a given IP, as the frequency of first twin initiation stays approximately at the same level for simulations A and C.
Local stress distributions and twin variant selection
The different yielding behaviours will give rise to different local stresses during deformation, which in turn will affect the twin variants that are activated. One would expect the simulations that show yield elongation to have the highest local stress variation and therefore to show the largest amount of twinning in variants with low global Schmid factors. Surprisingly, the opposite happens: simulation C shows the lowest fraction of low ranked variants, particularly when the local Schmid factor is used in the ranking. To understand this counterintuitive finding, we need to look at the local stresses during yielding in more detail.
In Fig. 9 we plotted the distributions of twin resolved shear stresses at various stages of yielding. More specifically, Figure 9 shows the distribution of normalized resolved shear stresses RS S /(mσ appl. ) where RS S is the resolved shear stress (calculated using the local stress tensor) on a given twin variant and m is the global Schmid factor of the given variant. Only the three most heavily stressed twin systems were In the elastic region ( Fig. 9 (a) ), the resolved shear stress on virtually all twin systems equals that based on the global stress (averaged over all IPs). The small variance in this case is purely a consequence of the elastic anisotropy, which is very low for magnesium. The standard deviation of the distribution in the elastic region is the same for all three simulations: std A = std B = std C ≈ 0.142.
After microyielding by basal slip (Fig. 9 (b) and std C ≈ 0.499. Although the stress distributions are different for the different cases, the variance is similar. Also, the standard deviation for simulation C is only slightly higher than that for simulation A, and lower than that for B even at this late stage. Based on these results one would not expect a great difference between the three simulations in terms of how active twin variant ranks are distributed. This explains why the variant rank distributions of A and B are indeed similar, as can be seen in in Fig. 7 . This is not the case for simulation C, however; the noticable difference between global and local Schmid factor, in this case, indicates that there are higher stress fluctuations in the system (at the time and place of twin initiations!) compared to that of simulations A and B.
Recalling Fig. 9 where we saw that the variance in resolved shear stress is more or less the same for all simulations (in fact, the variance for simulation C was found to be between that of the other two simulations) we can arrive at the following conclusion. The excessive stress fluctuations at twin initiation in simulation C, inferred from the variant rank distributions, are only present in a relatively small fraction of the system volume at any given stage of deformation. In simulation C most twins initiate at the propagation front (see Fig. 8 (f)) and indeed this is the only region in the system that has high stress fluctuations. The stress field in the rest of the system volume is not much more heterogeneous than it is for the other two simulations. One should note here that the activation of lower ranked variants in itself is not necessarily a sign of stress fluctuations: mean field models also predict lower rank variants to be active. A better indicator of stress fluctuations is the difference of twin variant selection based on global and local Schmid factor. It is therefore entirely plausible that simulation C has higher stress fluctuations at twin initiation compared to A and B, and at the same time has a more dominant first variant in the variant rank distributions. In this spirit we can understand the coexistance of the two seemingly contradictory phenomena: Lüders-like propagation of twinning (requiring the presence of stress fluctuations) and "well-behaved" twin variant rank distributions. To shed some further light on how stress heterogeneity influences twinning, and to reinforce our above reasoning, it is informative to plot the distribution of the maximum (among all variants) global Schmid factor for twinned and untwinned IPs. In Fig. 10 we plotted these distributions for two stages of deformation: at an applied strain of ε = 0.003 ( Fig. 10 (a) ), which is in the twin propagation regime, and an applied strain of ε = 0.02 ( Fig. 10 (b) ), at the end of the simulation.
In the propagation regime we see that mainly only high maximum Schmid factor IPs twin in all three simulations. This is especially true for simulation C. As expected, untwinned IPs mostly have small maximum A significant difference that is still observable at the end of the simulations is in the distribution of twinning shear among the active variants within a single IP. Figure 11 shows twin variant rank distributions based on accumulated twinning shear rather than Schmid factor, for the same two values of applied strain as in Fig. 10 . We see that in the propagation regime, virtually all twinning shear occurs on the main variant in simulation C, whereas in simulations A and B, the second variant also bears a considerable fraction of the total shear. The distribution of twinning shear for these two cases is almost exactly the same at the end of the simulation. The dominance of the first variant in simulation C decreases slightly, but is still considerable at ε = 0.02. This decrease is due to the more diffuse twinning occurring after the propagation front has passed.
This clear dominance of the first variant in terms of twinning shear in simulation C corresponds well to the "one twin per grain" condition for twin propagation established in [3] . Although it should be noted that our model cannot distinguish between different twins of the same variant, so this correspondence is not perfect; in our case we can only talk about "one variant per grain". Multiple variants would, however, definitely mean multiple twins, therefore our "one variant per grain" condition still provides support for the "one twin per grain" situation of [3] . Finally we briefly discuss the question of how the heterogeneity of the stress field throughout the sample is affected by the magnitude of the twinning stress and the twin stress relaxation assumption. Figure 12 shows the average von Mises stress (a), the standard deviation in von Mises stress (b) and the relative standard deviation in von Mises stress (c) as a function of true strain (average axial true strain). is approximately one well aligned (high Schmid factor) active twin in every IP, whereas in simulation B the situation is more "random": there are more than one active twins, some of which are not very well aligned.
The "one twin per grain" situation regulates the stress field more efficiently after the transition, leading to smaller average fluctuations in von Mises stress.
Conclusions
We investigated the yielding behaviour of extruded magnesium in uniaxial compression, concentrating on the role of {1 0 1 2} 1 0 1 1 tensile twinning. Using the twin stress relaxation rule we were able to reproduce the yield point elongation in the stress strain curves seen in experiments. In the simulations, a twin propagation effect, similar to a Lüders-like band propagation, could be observed.
Our results reinforce the ideas presented in [2, 3] whereby the phenomenon of yield point elongation and the associated twin propagation are a consequence of twin stress relaxation: the sudden decrease of twinning stress produces stress concentrations in the neighbouring grains and therefore, may trigger twins in these neighbouring grains.
Our simulations could also predict the strain reversal in {0 0 0 2} ⊥ and {1 0 1 3} ⊥ grain families, which has been observed in conjunction with the above mentioned phenomena in magnesium. The EPSC model has failed to account for this strain reversal effect, which implies that stress fluctuations due to twinning, simulated in the CPFEM, are likely to play a major role.
Using the twin stress relaxation rule, the total twinning shear is dominated by the first activated variant at IPs, while a constant CRSS for twinning resulted in more variants contributing to the total shear. The dominance of the first variant, in the simulation using the twin stress relaxation rule, corresponds well to the "one twin per grain" condition found in [3] .
The simulations showed that the twin relaxation rule does not introduce significant fluctuations in the resolved shear stresses on twin systems in the majority of IPs because twinning occurs mainly along a propagation front.
The propagation of tensile twins in magnesium, and the consequent evolution of an approximate "one twin per grain" microstructure may be important in many deformation processes, where conditions are right for profuse tensile twinning. Understanding the formation of mesoscopic twin structures based on the initiation and growth properties of the different twin types, is vital for an accurate prediction of the macroscopic deformation behaviour and formability of magnesium alloys.
